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2Setting the Scene — Problems
• Applications 
– Flood modeling (coupled groundwater-surface flows)
– Climate modeling (atmosphere-ocean-sea ice interaction)
– Heat transfer (thermal FSI)
– Bird flight (mechanical FSI)

• … more abstractly:
– multiphysics problems
– nonlinear PDEs, coupled through an interface
– partitioned approach

Credit: Patrick Kelley (CC BY 2.0)

Credit: Joshua J. Cotton (Unsplash)



3Setting the Scene — Goals & Tools
• General framework to solve coupled problems efficiently
– Time adaptivity in each solver
– High order in space and time
– Parallel execution of coupled codes



4Setting the Scene — Goals & Tools
• General framework to solve coupled problems efficiently
– Time adaptivity in each solver
– High order in space and time
– Parallel execution of coupled codes

→ Method: Waveform Relaxation (WR)

different variants, e.g.,
Dirichlet-Neumann WR (DNWR), Neumann-Neumann WR, WACO

t

t

adapted with permission from Benjamin Rodenberg

e.g., parallel (Jacobi) WR for ODE systems:
<latexit sha1_base64="40D3MH+rDhtImtzEe0n1FEpiZG8="></latexit>
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How fast do iterations converge & can we accelerate convergence?



5Coupled Groundwater / Surface Flows
Surface: Shallow water equations (1D)

Groundwater: Richards equation (2D)

Coupling: pressure & mass conservation

(cf. Dirichlet & Neumann transmission conditions)
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t 2 [0, T ]
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6Analysis Steps — Continuous Case
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c@t 
k = K@2z 

k,  k|z=0 = hk�11. Solve Richards equation:

2. Solve SWE:
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˙̂hk = Sk
h, Sk

h = v( )|kz=0

3. Relaxation step:

A. Dimension reduction → 1D-0D + Linearization

B. Use a coupling algorithm: sequential DNWR

C. Find convergence rate + optimal relaxation parameter 
analysis technique from [Gander, Kwok & Mandal 2016]



7Fully Discrete Analysis [Monge & Birken 2018]

• alternative analysis technique
heat equation: depends on mesh & discretization! 

• carry out this analysis for the linearized 1D-0D system
– space discretization: linear finite elements
– time discretization: implicit Euler
– analysis for one time step, same time step size

• Goal: Express as linear iteration of the form

• Convergence if                , 

<latexit sha1_base64="GUfQT1oy1KSO5o2ZPoI+qed2w50="></latexit>

xk,n = ⌃(!)xk�1,n + bn�1

<latexit sha1_base64="LDQRXDXOsO64Mm9SolhbFINKmBE=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVBcuim5cVrQPaEKZTCft0HmEmUmhhP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPVHCqDae9+0U1tY3NreK26Wd3b39A/fwqKVlqjBpYsmk6kRIE0YFaRpqGOkkiiAeMdKORnczvz0mSlMpnswkISFHA0FjipGxUs91AzWUleCRDjg6hzfQ77llr+rNAVeJn5MyyNHouV9BX+KUE2EwQ1p3fS8xYYaUoZiRaSlINUkQHqEB6VoqECc6zOaXT+GZVfowlsqWMHCu/p7IENd6wiPbyZEZ6mVvJv7ndVMTX4cZFUlqiMCLRXHKoJFwFgPsU0WwYRNLEFbU3grxECmEjQ2rZEPwl19eJa2Lql+r1h4uy/XbPI4iOAGnoAJ8cAXq4B40QBNgMAbP4BW8OZnz4rw7H4vWgpPPHIM/cD5/AHzCkkY=</latexit>

⇢(⌃) < 1
<latexit sha1_base64="lOb/bLeeRAmqeVs6MkGg2/GLVvQ="></latexit>

!opt = argmin!⇢ (⌃(!))

<latexit sha1_base64="tYzN0CCEhqFuADDYgQuVYwbZcmI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1WXRjcsKthaaECbTaTt0HmFmIoRQf8WNC0Xc+iHu/BsnbRbaemDgcM693DMnThjVxvO+ncra+sbmVnW7trO7t3/gHh71tEwVJl0smVT9GGnCqCBdQw0j/UQRxGNGHuLpTeE/PBKlqRT3JktIyNFY0BHFyFgpcuuB5GSMooAjM1E8l4mZRW7Da3pzwFXil6QBSnQi9ysYSpxyIgxmSOuB7yUmzJEyFDMyqwWpJgnCUzQmA0sF4kSH+Tz8DJ5aZQhHUtknDJyrvzdyxLXOeGwni4x62SvE/7xBakZXYU5Fkhoi8OLQKGXQSFg0AYdUEWxYZgnCitqsEE+QQtjYvmq2BH/5y6ukd970W83W3UWjfV3WUQXH4AScAR9cgja4BR3QBRhk4Bm8gjfnyXlx3p2PxWjFKXfq4A+czx+ZDZVo</latexit>!opt



8Fully Discrete Analysis — Sequential
• Linear iteration of the form

• Sequential DNWR for the Richards-SWE problem:

• After discretization, we get                                         ,

• Result:
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9Verification of Analysis
Test code, 1D-0D implementation in Python
using DUNE (dune-project.org) and preCICE (precice.org)

github.com/valentinaschueller/richards-swe-coupling

→ What about parallel coupling?

<latexit sha1_base64="J/aiw74DbNGoTfQRSDLReROnTn4="></latexit>
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https://dune-project.org/
https://precice.org/
https://github.com/valentinaschueller/richards-swe-coupling


10Parallel DNWR (I)

• Analyze with

• Result: 

<latexit sha1_base64="4XkEVjemi4RBWZ5XfyrS0oCfSFg="></latexit>
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[Meisrimel & Birken, 2022]

This does not work in the continuous setting! 
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11Parallel DNWR (II)

Takeaways:

• Is time-parallelism worth it in this form? Not really!

• Results still relevant for, e.g., WACO (WR + MPI one-sided communication)
[Meisrimel & Birken, 2022]
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12Sequential Analysis: Material Properties
using our sequential analysis results for one time step:
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13To the Real World: Fully Nonlinear Example
• Previously: results for linearized, 1D-0D system, one time step

• How does this translate to a 2D-1D nonlinear case? → test code:
– DUNE + preCICE
– SWE solver: Finite Volume method, local Lax-Friedrichs-flux
– Richards solver: linear FEM + Newton iterations
– support for various materials (e.g., loam, gravel, clay)
– same time step size + both solvers use implicit Euler

• In principle “easy” to make the code more complex:
– higher order FEM
– DG instead of FVM
– other time integration methods
– support for multirate/time-adaptive setups

gitlab.maths.lu.se/robertk/coupling

https://gitlab.maths.lu.se/robertk/coupling/


14Nonlinear Simulation Example, 2D-1D
mixed soils (loam and clay) + lake at rest — output of Richards solver:

→ the Richards equation 
degenerates to an elliptic equation 

in saturated regions

x

z
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Conclusions
• WR as a tool for robust coupled simulations which make use of time 

adaptivity — time-parallel WR possible

• fully discrete analysis for Richards-SWE coupling
– can give different results than continuous analysis
– allows us to study acceleration of parallel DNWR 
– parallel DNWR has the same optimal relaxation parameter but 

slower convergence than sequential DNWR

• next steps: link linear & nonlinear simulations → how much can the 
linear analysis serve as a reliable estimator?



Thank You!
Questions?
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Dimension Reduction
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Fully Discrete Analysis — Matrices
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Fully Discrete Coupling Algorithm

<latexit sha1_base64="dYwtzytXlUzYpsxL44ggCVLtmaQ="></latexit>
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End slide, logotype only


